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Abstract: We investigate the conjectured infinite-dimensional hidden symmetries 
of six-dimensional chiral supergravity coupled to two vector multiplets and two tensor 
multiplets, which is known to possess the ^4^4 symmetry upon dimensional reduction 
to three spacetime dimensions. Two things are done, (i) First, we analyze the 
geodesic equations on the coset space / K (F//) using the level decomposition 

associated with the subalgebra 0t(5) ©st( 2) of and show their equivalence with 
the bosonic equations of motion of six-dimensional chiral supergravity up to the 
level where the dual graviton appears. In particular, the self-duality condition on 
the chiral 2-form is automatically implemented in the sense that no dual potential 
appears for that 2-form, in contradistinction with what occurs for the non chiral 
p-forms. (ii) Second, we describe the p-form hierarchy of the model in terms of its 
Id-duality Borcherds superalgebra, of which we compute the Cartan matrix. 
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1 Introduction 

Hidden symmetries of gravitational theories constitute a fascinating topic that finds 
its roots in the remarkable papers [1-5] uncovering unanticipated symmetry groups 
much bigger than the expected ones upon dimensional reduction. Following this pi¬ 
oneering work, it was conjectured that infinite-dimensional algebras of Kac-Moody 
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type played a central role in the description of the symmetries of gravitational theo¬ 
ries [6-10]. The conjecture received an enormous support through the work [10-15] 
connecting maximal supergravities to non-linear realizations of i^n, and the work 
[16, 17] that reformulated the BKL oscillatory behaviour near a spacelike singular¬ 
ity of gravitational models [18-21] as a billiard motion in the Weyl chamber of a 
hyperbolic Kac-Moody algebra, paving the way to a different non-linear realization 
of the symmetry where space and time are on distinct footings [ 22 ] (for reviews, see 
[23, 24])h 

Non-linear realizations of the inhnite-dimensional conjectured symmetry spec¬ 
tacularly encode the correct held content of the corresponding supergravity theories, 
as well as the correct Chern-Simons couplings. In spite of these intriguing successes, 
however, it is fair to say that the full conjecture remains far from being proven. 
Since one may view the conjectured hidden symmetries as generalizations of p-form 
dualities and gravitational duality, one may argue that one difficulty lies in the poor 
understanding of duality, and, in particular, in how to make it manifest from the 
outset. 

With this aspect of the problem in mind, we investigate here chiral supergravity 
in six dimensions coupled to abelian vector multiplets and tensor multiplets [27-33] . 
These models involve chiral 2-forms in a crucial way so that duality is an essential 
ingredient from the very beginning. 

The symmetry that appears upon dimensional reduction to 3 dimensions of pure 
chiral supergravity is and becomes T 4 if one couples two abelian vector multiplets 
and two tensor multiplets [34]. [Only the split real forms appear here, i.e., = 

i ?3 3 = so(4, 3) and T 4 = T 4 _ 4 .] It is this enlarged version of the theory that we shall 
explore. It is natural to conjecture that the hidden symmetry underlying this model 
is (or A preliminary billiard analysis indicates indeed that the relevant 

billiard table is the Weyl chamber of F^~^ [35]. The fact that it is the exceptional Lie 
algebra F 4 and its extensions that are the underlying algebras provides one further 
motivation in itself for investigating this model, since the hidden symmetries based on 
the other exceptional algebras {Es and the E-series, and G 2 [36]) have been already 
analyzed, while the analysis of the dynamics based on the overextension F^~^ has 
not been made yet. 

One interesting feature of six-dimensional chiral supergravity is that the actions 
that correctly describe the pure or extended models, i.e., such that the (anti-)self 
duality conditions are manifestly built-in without having to be imposed externally 
by hand, are non-manifestly spacetime covariant [37]. They contain as essential 
ingredient the actions for chiral or anti-chiral 2-forms of [38]. These actions, although 

^New insight on the hidden symmetries that appear in Z? = 4 and D = 3 spacetime dimensions 
has been derived recently in the light cone gauge [25, 26]. It would be interesting to explore how 
that approach can also provide insight on the conjectured infinite-dimensional symmetry. 
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covariant, are not manifestly so, illustrating the general tension that exists between 
manifest spacetime covariance and manifest duality^. 

It was shown in [14, 44, 45] that the nonlinear realization of reproduces 

correctly the field content of chiral supergravity. The central goal of our paper is to 
study more explicitly the dynamics. Our aim is to derive the geodesic motion on the 
coset space and to compare it with the solutions of the supergravity 

equations in a level expansion similar to that introduced in [22], which turns out to 
be here a bi-level. Here, K{F^^) is the “maximal compact subalgebra" of F^^. It 
contains the maximal compact subalgebra sp{3) © su{2) of F^. Our main result is to 
establish complete agreement between the two models up to (but not including) the 
level that involves the dual graviton. In particular, we hnd that the nonlinear sigma 
model encodes the self-duality of the chiral two-form. 

The model resembles in many respects the geodesic motion for type IIB super¬ 
gravity [46], where there is a chiral 4-form, the self-duality condition of which is 
properly incorporated in the sigma model formulation. The p-form content is, how¬ 
ever, different since i© involves not just p-forms of even degree, but also p-forms of 
odd degree. The difference in the p-form content is best described by comparing 
the “H-duality" Borcherds superalgebras that control the respective p-form algebras 
[47, 48]. We compute the H-duality Borcherds superalgebra for the F^ model and 
compare and contrast its Cartan matrix with that relevant to type IIB. 

Our paper is organized as follows. In the next section (Section 2) we recall the 
Lagrangian of the bosonic sector of six-dimensional chiral supergravity coupled to 
two vector multiplets and two tensor multiplets and write the equations of motion. 
We also provide explicitly the Lagrangian for which the chirality condition is auto¬ 
matically implemented and does not have to be imposed by hand from the outside. 
We study in Section 3 the hyperbolic Kac-Moody algebra F^~^ and give its low level 
roots in the decomposition with respect to the subalgebra 0t(5) ©s[(2). We then 
turn in Section 4 to the sigma model formulation, for which we write the equations 
of motion. In Section 5, we compare the supergravity equations with those of the 
sigma model and provide the dictionary that make these equations match up to the 
level of the dual graviton. In particular, we show how the self-duality condition on 
the chiral 2-form is incorporated within the sigma model. We also comment on the 
standard difficulties that appear at and above the dual graviton level. In Section 
6, we determine the Borcherds structure of the p-form H-duality algebra. In that 
analysis, we follow the method of [49] to eliminate some ambiguities, which requires 
the determination of the V-duality algebras for the dimensionally reduced models in 

^Spacetime covariance can be made manifest by introducing gauge and auxiliary fields that 
appear non polynomially in the action as achieved in the interesting work [39-42]. One may take 
the point of view, however, that there is a message to be learned from the tension between manifest 
spacetime covariance and manifest duality invariance, and that duality might be more fundamental 
[43]. 
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spacetime dimensions lower than 6. Section 7 is devoted to the conclusions where 
further comments on manifest duality symmetry are provided. We compare, in par¬ 
ticular, the ways in which the self-duality condition appears in the sigma model 
approach and in the held theoretical description. 

While the level decomposition of has been studied previously in the 
context [14], the explicit matching of the geodesic equations on the coset space 
F^^/K{F^^) with the bosonic held equations for six-dimensional chiral supergravity 
coupled to two vector multiplets and two tensor multiplets constitutes to our knowl¬ 
edge a new result, together with the determination of the corresponding Borcherds 
structure. Furthermore, the self-contained Lagrangian for six-dimensional chiral su¬ 
pergravity, in which the self-duality condition appears as an equation of motion, has 
not been written before as far as we know. 


2 Chiral supergravity 


2.1 Lagrangian (standard formulation) 

The bosonic held content of H = 6, W = (1, 0) supergravity coupled to two tensor 
multiplets and two vector multiplets consists of the metric two scalars 0 (dilaton) 
and 0 (axion), two vectors and two 2-forms B and C. The held strengths are 
given by 


F+= F~ = dA~ 

H = dB + -A- A dA-, G = dC- - -kl+ A dA- 

2 ’ ^2 2 


(2.1a) 

(2.1b) 


and the Lagrangian reads explicitly: 

C = R-kl — -kd(j) A d(j) — * dy A dy — -e'^ -k F~^ A F^ — 2®”*^ * ^ 

AH --i.G AG 
2 2 

— ^yid AG- -kl+ A F+ A id - -dl+ AF- AG, ( 

^/2 2 2 ’ ^ 


The self-duality condition -kG = G must be imposed after varying C to get the 
equations of motion. As shown in [34], the D = 6 Lagrangian (2.2) can be viewed as 
the oxidation endpoint of the theory with d ^4 symmetry in 3 spacetime dimensions, 
i.e., D = 3 gravity coupled to the nonlinear sigma model F4^/{Sp{3) x SU{2)). 


2.2 Equations of motion 

Extremizing the action with respect to the metric yields the Einstein equations: 


R 


-fiu 


29i-ii'R 


(2.3) 
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where the energy-momentum tensor reads 


= d,4>dA + le^%xd,x + ^e*F+F+/ + te-*F-F-/ 






d,4>d'’4> + le^%xd‘’x + \e'l‘F+F+'^ + 


+ ^Gp,aG'"^ 


(2.4) 


Since D = 6, an equivalent form of the Einstein equations is 


Rfxu = - -g^,uT/. 


For the other helds, one has the Bianchi identities 


ddx = dd(j) = 0 

dF^ = —;=dx A F~, dF~ = 0 

x/2 

dH =-F- AF-, dG = — ^-^dxAH--F+AF- 

2 ’ x/2 2 


(2.5a) 

(2.5b) 

(2.5c) 


and the equations of motion 


di<G = — ^dxAH-I f+AF-, d i. H) = V2dx A G - If+A F+ (2.6a) 

V 2 2 2 


d i<F+) =-G A F- - H AF+ 
d {e-^ i< F-) = i<HAF--GAF+- '^e’^dx A 

d i< dx) = i<F+ A F- + V2G A H 


(2.6b) 

(2.6c) 

(2.6d) 


d ic d4> =ic dx A dx — ic F~^ A F~^ + -k F AF +^e‘^'^'kHAH 


(2.6e) 


Note that the Bianchi identity for G and its equation of motion indeed consistently 
allow for icG = G. 

Taking the Hodge dual of these equations and expressing them in components, 
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we get for the Bianchi identities 


d, = 0 

d,{^g{^F-Y'^^^)=Q 




1 

2^2 




{V^g^HY^P) = 

a, (*G)'""’) = (-Y^a^xHf-,s 



and for the equations of motion 


(2.7a) 

(2,7b) 

(2.7c) 

(2.7d) 

(2.7e) 

(2.7f) 


a, G'-'"’) = f- Y^d^xHf,6 - Y^^fF-Y (2.8a) 

(y=5e-"*i/'‘'"’) = ^G-'^d^x - (2.8b) 

-Yff (^e*F+'“') = -tG‘'”'’F_„a - Y^Y"’^’"P‘‘I‘-<F*^. (2-Sc) 

Y^a^ (x/^e-*F->“') = + ;4e*F*‘'”SoX - (2.8d) 

^9, (^c^^a'x) = ^c*FiF-“'’ - ^G„a,/7‘‘'’" (2.8c) 

= )e"*aoX9”x + ^e*F+^F+‘>'’ - 
- (2,8f) 

Our conventions are 

£o....c = 1, £” ■= = -1, ■'‘c, (2,9) 


2.3 Lagrangian with self-duality built in 

It is somewhat unsatisfactory to have to implement by hand the self-duality condition 
*(7 = G on the two-form C. A satisfactory action principle should be self-contained. 
We give such an action principle here. It generalizes the free action of [38] by includ¬ 
ing the Chern-Simons couplings. The easisest way to derive it from the Lagrangian 
(2.2) is to follow the steps of [50, 51]. 

We can write the Lagrangian (2.2) as 


C 


1 

2 


^GAG + DAG + Go, 


( 2 . 10 ) 
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where the 3-form D is given by 


D = - ^xH -A dA 

V2 2 

(see (2.1b)), and where Cq does not contain the 2-form C. We now: 


( 2 . 11 ) 


• Go to the Hamiltonian formalism only for the 2-form C, while keeping the other 
helds in second order form; i.e., perform the Legendre transformation only on 
the time derivatives Cij of C and the conjugate momenta , 


71 


ij 


dC 


( 2 . 12 ) 


• Solve the Gauss constraints = 0 that follows from varying the action 

with respect to the Lagrange multipliers Coi by introducing a second 2-form 
potential Zij, 

(2.13) 

to get an action S[Cij, Z^j] that involves the two spatial 2-form potentials 
and Zij (plus / d^xCo which remains unaffected by all these steps). 

• Make the change of variables 

Cy = ^/2(C■+ - Cy) (2.14a) 

Hy = ^(C; + Cy). (2,14b) 

Under this change of variables, the action splits as a sum of an interacting 
action for the chiral part and a free action for the anti-chiral part C~j. The 
free action for the anti-chiral part C~j can be consistently dropped, leaving 
one with the action describing correctly the interacting chiral 2-form without 
superfluous degrees of freedom. 


If one follows this procedure, one gets the action 

5 = f d^x 


-e' 


((c)„c; + i£>„y)8,C+ - 


-Gx/gg + £„ 


where 


1 


^mnr ~ -|- ^^Dmnr 


(2.15) 


(2.16) 


and where N is the lapse, the shift, gij the spatial metric, and the convention for 
the spatial e tensor is £^^345 _ 
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It is useful, in order to keep track of the gauge symmetries, to introduce the 
time components in the kinetic term of (2.15) so as to make the invariant held 
strength appear. This can be done at no cost because these extra components 
drop out of the action by integration by parts. One gets 


S= ! ,ex - A'-G+jG+„) - tA'v^gV'g‘’'G+^G+, 




(2.17) 


where 


GU = 35[.Cp] + 


(2.18) 

Restoring the expressions for D and Cq, and noticing that the expression 


d^x 


QV2 




6^2 




Oij 


is equal to — / = f d^x\/2D AG^, the hnal form of the action 

is found to be 


S= I d^x R* 1 - A * dy A dy - * F+ A F+ - * F" A F' 


where 




i.H AH -xH AG+ - -/!+ A F+ A F - ^^4+ A F” A G+ 
2 ^2 . 


G+ = dG+ - -xH - ^24+ A dA- 
2 ^ 2^2 


(2.19) 

( 2 . 20 ) 


This action has the gauge symmetries: 


(524+ = de+, (524- = de- 

6B = dA- e~dA~ 

2 

dG+ = dS + ^e+dA- 

2 V 2 


(2.21a) 

(2.21b) 

(2.21c) 


under which the held strengths are invariant. Here e+ and e~ are 0-forms, while A 
and S are 1-forms. In addition to (2.21c), the action is also invariant under arbitrary 
shifts of G(^ which occurs only through a total derivative. 


dGo+ = T, 


( 2 . 22 ) 


8 














The gauge symmetries (2.21c) and (2.22) are of course not independent. 

Contrary to the original action (2.2), the action (2.19) carries no superfluous 
degrees of freedom that have to be eliminated by hand. It correctly describes, in 
a self-contained manner, the coupling of a chiral 2-form with the other degrees of 
freedom of six-dimensional chiral supergravity. It is the analog of the action of [52] 
for type IIB supergravity in ten dimensions. 


3 Level decomposition of 

3.1 Dynkin diagram and Cartan matrix 

The Dynkin diagram of is: 


Q?! 02 O3 O4 O5 Og 

corresponding to the Cartan matrix: 


/ 

2 

-1 

0 

0 

0 

0 \ 


-1 

2 

-1 

0 

0 

0 


0 

-1 

2 

-1 

0 

0 


0 

0 

-1 

2 

-1 

0 


0 

0 

0 

-2 

2 

-1 

V 

0 

0 

0 

0 

-1 

2/ 


(3.1) 


We normalize the long real roots to have length squared equal to 2, e.g. (ai|ai) = 2. 


3.2 0[(5)-subalgebra 

The hrst four roots of define an d 4 -subalgebra with Chevalley generators 
{hj,ej,/j|i = 1,2, 3,4}, which can be enlarged to a 0[(5)-subalgebra by adding an 
appropriate combination of the Cartan generators hg and hg as follows. 

The usual presentation of gl(5) is given in terms of the generators where a 
and b go from 1 to 5, which satisfy the commutation relations 

lK\,K‘,] = StK\-S‘,K\. (3.2) 

The invariant bilinear form is 

{K\\K^,) = 626^, - (3.3) 

The explicit embedding of g[(5) in is given by 

ei = A'y, (3.4a) 

fi = A"+l (3.4b) 

h. = Ai - A‘+y, (3.4c) 
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(3.5) 


for i = 1, 2, 3,4 (this gives the embedding of s[(5)) and 

K + = -1{K\ + K\ + + K\) + 5a'\ 

or conversely, 

5 

K\ = -Ahi - 8/12 - 12/i3 - 16/i4 - 10/i5 - S/ig. (3.6) 

a=l 

One can take as basis of the Cartan subalgebra of the hve K\ and one 
additional independent Cartan generator, which we choose to be /ig = K. 

3.3 Definition of level 

The algebra can be decomposed in terms of irreducible representations of this 
subalgebra. We dehne the (bi-valued) level {l^V) of a Cartan element to be (0,0), 
and that of a root vector Cq, associated with the root a by the formula 

4 

a = rriiai + la^ + /'og- (3.7) 

i=l 

Subspaces of ^ 4 *"^ corresponding to dehnite values of (/, /') are invariant subspaces 
under the action of gl(5) and decompose under irreducible representations of 0 t( 5 ). 
In fact, subspaces corresponding to a dehnite value of I (with /' unspecihed) form 
representations of 0 t( 5 ) ©s[(2), where 51(2) is the subalgebra associated with the 
last node, generated by {/i 6 ,eg,/g}. It will convenient, however, to hx both I and I' 
to begin with, and consider how different representations of 0 t( 5 ) with same I and 
different V combine to form representations of s[( 2 ) only later. 

At level {1,1') = (0,0), we have the 0 [( 5 )-subalgebra with Chevalley generators 
{hi, Cj, fi\i = 1, 2, 3,4}, along with the extra Cartan generators h^. 

3.4 Low level decomposition of 

Since our goal is to describe the coset space F^^/K{F^^), we shall focus on positive 
roots for which 

TTlj > 0, / > 0, I' > 0. 

The negative part of the algebra can be obtained by using the Chevalley involution. 
In order to analyse the 0 [( 5 )-representation content of F^^, we follow the method of 
[22, 53]. The fundamental weights of A 4 are dehned by 

{^ii\aj) = 5ij i,j = l,2,3,4 (3.8) 

(with fii in the linear span of the Oj’s). Explicitly, 

/ij ^ ^ ^jFji (3-9) 

j 
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where the symmetric matrix (-B^) is the inverse matrix to the (symmetric) Cartan 
matrix of A 4 , 




A 3 2 l\ 
1 3 6 4 2 

5 2 4 6 3 


(3.10) 


\1 2 3 4/ 

The scalar products of the fundamental weights (jUil/Uj) are given by 


(juijjuj) = Bij. (3.11) 

The root vector associated with the positive root a of is a weight vector 
for A 4 , i.e., 

[hi, ea] = fiihi)ea, f = l,2,3,4, (3.12) 

where /r is a linear combination of the fundamental weights /x^. On the other hand 




(3.13) 


which implies that a — /i is such that {a — fi){hi) = 0 , i.e., is orthogonal to the 
4-plane spanned by (f = 1, 2,3,4). If one denotes by u the unit normal to that 
4-plane in the hyperplane spanned by ctj and 0:5 such that (z^jas) > 0 , one easily 
hnds u = -|- ^ 4 ) since = 1 and (/i 4 |Q; 5 ) = —In other words, 


0:5 — — AZ 4 - 

V5 


(3.14) 


The A 4 -weight /i associated with the root a is thus a — — since the difference 

a — jj, = JgZ/ -|- I'aQ is indeed orthogonal to the 4-plane spanned by o;* (i = 1, 2,3,4). 
Expanding fi in the basis of fundamental weights, fi = yields then the 

expression 


miCKi 77120:2 + 777303 + 777404 = -piyUi - P2h2 - P3h3 + (^ “ P4)h4- (3.15) 

We thus have the relationships 

7771 = b/- 4 pi - 3p2 - 2p3 - P4) ( 3 . 16 a) 

5 

m 2 = \{2l - 3pi - 6 p 2 - 4p3 - 2 ^ 4 ) (3.16b) 

5 

7773 = b 3 /- 2 pi - 4p2 - 6p3 - 3^4) ( 3 . 16 c) 

5 

m4 = \{Al - Pi - 2p2 - Sps - 4 ^ 4 ). (3.16d) 

5 

Now, among the vectors Cq, transforming in a given irreducible representation 
of A 4 , there is one lowest weight vector annihilated by all the /ds (i = 1,2,3,4). 
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The lowest weight vectors are the easiest to identify. For instance 65 is a lowest 
weight vector since [/jjCs] = 0. Accordingly, we shall determine the irreducible A 4 - 
representations that appear in the decomposition of the positive Borel subalgebra of 
F/"*" by searching for their lowest weights. 

For a lowest weight /i, the integers pds are all non-negative and dehne the Dynkin 
coefficients of the representation (this explains why we have taken the coefficients 
in the expansion of ju to be —pi). In terms of Young tableaux, pi is the number of 
columns of height 4, p 2 is the number of columns of height 3, ps is the number of 
columns of height 2 and p 4 is the number of columns of height 1 . 

Let A be a positive root of F/"*" dehning a lowest weight of an A 4 -representation. 
The constraints that the mds be non-negative integers and the condition (A|A) < 2 


arising from the fact that A is a root read 

1(1- 4pi - 3 p 2 - 2 p 3 -P 4 ) eN (3.17a) 

5 

I(2l-3p4-6p2-4p3-2p4) eN (3.17b) 

5 

^(3/ - 2 pi - 4p2 - 6p3 - 3p4) e N (3.17c) 

5 

^(4/ - Pi - 2p2 - 3p3 - Ap4) e N (3.17d) 

5 

4 1 

(A|A) = ^ B^jpip, + -/2 + /'2 - //' < 2 (3.17e) 

. . 0 


with Pi > 0 and N = {0,1, 2, • ■ ■ } the set of non-negative integers. 

These inequalities determine the low level roots. Solutions up to / = 4 are easily 
verihed to be given by: 


Table 1: Low level decomposition of F/"*" 


/ 

V 

[Pl,P2,P3,P4] 

(mi, m 2 , m 3 , 7714 ) 

(A|A) 

F/"*" generators 

(T-model held 

0 

1 

[ 0 , 0 , 0 , 0 ] 

( 0 , 0 , 0 , 0 ) 

1 

E 


1 

0 

[ 0 , 0 , 0 , 1 ] 

( 0 , 0 , 0 , 0 ) 

1 

F“ 

Aa 


1 

[ 0 , 0 , 0 , 1 ] 

( 0 , 0 , 0 , 0 ) 

1 

E'a = 

Ba 

2 

0 

[ 0 , 0 , 1 , 0 ] 

( 0 , 0 , 0 , 1 ) 

2 

Eab ^ 

Aab 


1 

[ 0 , 0 , 1 , 0 ] 

( 0 , 0 , 0 , 1 ) 

1 

E'ab ^ E] 

Bab 


2 

[ 0 , 0 , 1 , 0 ] 

( 0 , 0 , 0 , 1 ) 

2 

E'lab ^ E] 

Cab 

3 

1 

[ 0 , 1 , 0 , 0 ] 

( 0 , 0 , 1 , 2 ) 

1 

Eabc ^ E^] 

-^abc 


2 

[ 0 , 1 , 0 , 0 ] 

( 0 , 0 , 1 , 2 ) 

1 

E>abc ^ E] 

Babe 

4 

1 

[ 1 , 0 , 0 , 0 ] 

(0,1, 2, 3) 

1 

^abcd _ j'^abc 

Aabcd 


2 

[ 0 , 1 , 0 , 1 ] 

( 0 , 0 , 1 , 2 ) 

2 

Eabc\d _ 

Aabc\d 



[ 1 , 0 , 0 , 0 ] 

(0,1, 2, 3) 

0 

^fabcd _ ^^abcd 

Babcd 


3 

[ 1 , 0 , 0 , 0 ] 

(0,1, 2, 3) 

1 

^ffabcd _ ^^fabcd 

Cabed 
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The brackets (...) indicate here projection on the Young tableau symmetry corre¬ 
sponding to [0,1, 0,1]. 

The conditions (3.17) are necessary conditions for the set of integers [pi,P 2 ,P 3 ,Pa\ 
to dehne a representation that appears in F^~^. These conditions are also sufficient 
here because is hyperbolic so that one can apply Proposition 5.10 of [54] to 
verify that the root lattice points labelled by the above (ruj, /, I') are indeed roots. 
Since the real roots are non degenerate, the representations for which the lowest state 
vector A has strictly positive norm occur once and only once. This is also true for 
the representation [1, 0, 0, 0] with I = 4 and V = 2 for the following reason. The root 
a 2 -l- 2^3 -|- 3 q!4 -|- 4(^5 -|- 2 aQ, which has mi = 0, is the null root of the untwisted 
affine Kac-Moody algebra F^ and is degenerate a number of times equal to the rank 
of F 4 , i.e., 4. It occurs three times as a non lowest state vector of the representation 
[0,1, 0,1] with I = 4 and /' = 2 characterized by a mixed Young tableau with one 
column of three boxes and one column of one box (“dual graviton"). It must therefore 
occur a fourth time in another representation with same values of I and I', which is 
precisely the representation [1,0, 0, 0] with I = 4 and I' = 2. 

As we mentioned above, the representations that differ only in the value of I' 
combine to form representations of the subalgebra s[(2) corresponding to the last 
node 6 of the Dynkin diagram. The generator E is the raising operator for those 
representations. So, the representation at / = 0 is a s[(2)-singlet, the representations 
at / = 1 and I = 3 are doublets, those at / = 2 form a triplet and hnally, those at 
I = 4 form a triplet and a singlet. 

The decomposition of the hyperbolic algebra F^~^ can be continued at higher 
levels following the procedure of [53] but this will not be needed here. Note that 
Table 1 matches the level decomposition of F^^~^ given in [14, 44], 

3.5 Commutation relations 

The low-level commutation relations of F^~^ are easy to work out. First, the com¬ 
mutation relations that involve the 0t(5) generators K\ are, besides (3.2), simply 
given by the usual action of flt(5) on tensors, for example 

[K\,E] = 0, [K\,E^] = 5tE<^, [K\,F,,] = -5:F,,-5^,F,t, (3.18) 

and so on. Here, Fat... = where r is the Chevalley involution. 

Second, the action of the Cartan generator K = hg, which is a 0t(5) scalar, reads 

[K,E^^’^''>] = (2/'-(3.19) 
for any generator at level (/,/'). 

Third, consider the commutation relations of the raising operators among them¬ 
selves. Some commutators are given by the dehning relations in Table 1. Some other 
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commutators are automatically zero because there is no generator with the required 
symmetry at the required level, for example 


[E'°',E] = 0 (no generator at level (1,2)), 

[E'^\ = 0 (no symmetric generator at level (2,1)), 

[E°''^^E^] = 0 (no generator at level (3,0)). (3.20) 

The other commutators not in that list are computed using the Jacobi identity and 

the above property. Up to level (4,1), the nontrivial ones (=that cannot be obtained 
just by using antisymmetry of the commutator and antisymmetry in the indices) are 

1 1 

I'^/a E’^'^ _ _ ^ahc 

[^/afe^^/c] ^ _^>abc^ [E"^\E^] = 2U'“^^ (3.21) 


Similar commutators hold on the negative side of the algebra and are simply 
obtained by using the Chevalley involution. The last class of commutation relations 
involving the raising operators with the lowering operators and can also be recursively 
computed starting from the Chevalley relations. Here are a few examples. 


[U“, E,] = 2K\ - 2 + Kj , [E, E] = K, [U“, E] = 0 

[U'“, E] = E,, [U'“, Et,] = -5tE, [E'\ F'] = [F“, E,] 

= 16F'“^ Jj, - 4JM (eK\+K 


(3.22) 


V e=l 


Some of of the commutators between raising and lowering operators are automatically 
zero because I and /' must be of the same sign. For example, [F“, E] and E^] 
would be on level (1, —1), [F“^, E] on level (2, —1) and so are necessarily zero. 


3.6 Scalar products 

To conclude, we give the scalar products between the generators of Table 1 that we 
shall need below. These are 


(A-J/C,) = - m, (K\K) = 4 

(B|F) = 2, = [E'^A) = 2S‘ 

(E-'’\FA = 4.2!4“4', = 8.2!4“4', (i5"“‘|A4) = 16.2!4‘‘4 

(£“*1 A*/) = 8.3! 4“44', (E"“-\FA) = 8.3! S'Ajf, 

8.4! 4 - 443 ? (3.23) 

To derive the scalar products, one proceeds recursively using the invariance property. 
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4 Sigma model (up to level (4,1)) 


4.1 Lagrangian 


To derive the Lagrangian for the coset space we follow the standard 

method. 

We recall that K{F^^) is the subalgebra invariant under the Chevalley involu¬ 
tion. In the case of the split form of finite-dimensional algebras, this subalgebra is 
the maximal compact subalgebra. 

By a iL(F 4 *'’'')-transformation, one can always map an element of F^^ on the 
non negative part of the algebra. We will impose this condition except for the 
gravitational subalgebra ^ 4 , for which we shall keep the negative components. In 
that (partial) “Borel” (or “triangular”) gauge, the coset representative is thus chosen 
to be 


V{t) = H{t)T{t) = exp 


K\t)K\ + \ip{t)K 


exp [A{t)] 


(4.1) 


where 


d(t) 


1 

71 


(4.2) 


This expression defines the various fields of the theory up to level (4,1). Truncation 
up to that level is consistent for the same reasons as given in [22, 23] for Eiq. There are 
only antisymmetric fields (“p-forms”) in the d-factor. Anticipating the comparison 
with chiral supergravity, we shall call = (e^)^ the “vielbein”, p the “dilaton” and 
'ip the “axion”. The dual graviton appears at level (4, 2) and will be discussed below. 
In terms of 

Pit) = \ [dVit)V-\t) - T {dVit)V-\t))] (4.3) 

[d is the time derivative), the Lagrangian is then 


nC = (P|P), (4.4) 

where (-I-) is the invariant bilinear form on F^^ given above and where n is the 
(rescaled) lapse that implements the Hamiltonian constraint and ensures that the 
motion is a lightlike geodesic [22, 23]. 

We have 

dVV-^ = dHH-^ + HidTT-^)H-^ 

The term idH)H~^ differs from the usual purely gravitational contribution by the 
dilaton term 

^-idip)K. 
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As for {dT)T a direct but somewhat tedious computation yields 


(9T)T-i = ^ (^Vi/jE + VAaE^ + VBaE'^ + ^VAa,E^^ + + ^VCa,E"^^ 


+ ^VAa,cdE' 


abed 


(4.5) 


where the covariant derivatives are given by 


'DlP = dij, VAa = dAa, VBa = dBa+^{Aadi,-ijdAa) (4.6) 

for the axion 'ijj and the one-forms Ba, by 


EAab — dAab H- j=A]^adAb] 


1 

1 


(4.7a) 


VBab = dBab + {-%l)dAab + A^adBb] + B^adAb] + Aabdi)) - -%l)A^adAb] (4.7b) 

ECab = dCab + {-ijOBab + B^adBb] + BabO^j) 

+ ^ {^‘^dAab - ^A[adBb] - 2'4)B[adAb] - i^di^Aab + BiaAb]d'4)) 


z^AiadAb] 


16^2 

for the two-forms Aab, Bab, Cab, by 


(4.7c) 


EAabc — dAabc + 2^j2 B[a9^hc] ~ ^[ab^B^] + i?[afel9Ac]) 

+ ^ (^/>A[a<9Afec] - 3A[a5fe<9Ac] - 2A^aAbc]di} + i)A^abdAa{) (4.8) 


and 


EBabc — dBabc + 


2 V 2 


-i^dAabc - QAladCbc] + SBladBbc] - SBlabdBa] 
+6C'[afel9Ac] + Aabcdlp) 


- [S-lpAladBbc] - 2%ljB[adAbc] + i/jAlabdBa] - SAlaBbdBc] 

-3A[aBbc]dij + BiaAbcid^j) 

1 

-3ij'^A[adAbc] + 10ijA[aBbdAa] + AlpdlljA^aAbc] - ij'^A^abdAc]) 


16^2 


(4.9) 


- 16 - 



for the three-forms Aabc, Babe, and by 


BAabcd — dAabcd + (^A^adAbcd] — ^A^abdBcd] + ^B^abdA^d] + A[abcdA^^ 

+ A[aBbdAcd] — “^A^aAbcdBd] + SA^aBbedA^] + ijjA^abdAcd] 

- A[abBcdAd] - A[abAed]di> 


+ 


1 

71 


i/jA[aAbedAd] 


(4.10) 


for the four-form Aabcd- 

To compute H{dTT~^)H~^ from e^Be~"^ = we use formula (3.19). The 

Lagrangian is then found to be 


^^F++/K{F++) = \ dgabdged + 

+ + ^e-'^VAaVA^ + ]^e^VBaVB^ 

+ ]^e-^^VAabVA'^^ + VBabVB^^ + 2e^^VCabVC'^'' 

+ ^e-^VAabcVA^^^ + ^e^VBabcVB^^" 

+ ^e-^^VAabcdVA<^^^^ (4.11) 

where the metric gab is related to the vielbein through 

= ("‘■12) 


4.2 Equations of motion 

The equations of motion that follow from the Lagrangian are, with the gauge choice 
n = 1: 

(i) 4-form: 


= 0 


(4.13) 


(ii) 3-forms; 


d{e^VBabc) = 0 , d{e-^VAabc) = ^e^VBabcT^ + -^e-^^VAabedVA^ 

(iii) 2-forms 


d{e^^VCab) = -^e^VBabeVA^ 
v2 

dVBab = -^e-^^VAabedVA'^’' - -^e^VBabcVB^ + -^e-^VAabeVA^ 

+ V2e^'^VCab'DiP 

d{e-^^VAab) = -V2e-‘^^VAabcdVB^ - V2e-^VAabcVB'^ + V^VBabViP 


(4.14) 


(4.15) 


(4.16) 

(4.17) 
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+ e-^^VAcdVA^^ + 2VBcdVB"^ + Ae^^VCcdVC^ 

- -e-^VA^VAk - -e^VB^^VBb 
2 2 

- e-^^VA^^VAbc - 2VB‘^^VBbc - 4e2^ir'“‘=ir'b, 

- - e-PB-PS.. - (4.22) 

Finally, the Hamiltonian constraint, obtained by extremizing the action with 
respect to n, reads 

0 = ^ {g^^g'^ - g^^g^) dga,dg,d + {dcpf 

+ ^e2‘^(FV>)2 + ^e-'^VAaVA^ + ^e^^VB^VB^ 

+ ^e-^^VAabVA^^ + VBabVB^’’ + 2e^^VCabVC‘^'' 

+ ^e-^VAabcVA-’^^ + ^-e^VBabcVB-^^ + (4.23) 
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5 Correspondence with the gravitational model up to level 

( 4 , 1 ) 

5.1 Homogeneous fields 

We follow again the approach of [22]. The comparison between the supergravity field 
equations and the sigma model equations should be thought of as being carried out 
in some generalized (and still to be completely specified) form of spatial gradient 
expansion. 

At lowest order in that expansion, the fields on the supergravity side are taken 
to be spatially homogeneous, i.e., to depend only on time. 


= -g{t)df + gahifydx^dx'^ (g = det(ga6)) 

(f> = 0 (^) 

^^,X = F^u = F^M 




Ffpup Fr^jyp(t'j. 


(5.1a) 
(5.1b) 
(5.1c) 
(5.Id) 


We also make the gauge choice N = y/g for the lapse (corresponding to n = 1 on the 
sigma model side) and = 0 for the shift. Note that we allow both electric and 
magnetic components for the axion and the p-form fields. This means that we go 
beyond the assumption of spatially homogeneous potentials, which would yield only 
non-vanishing electric fields. 

On the sigma model side, we truncate the equations by retaining fields only up 
to level (4,1), as we already did above. Had we kept only the electric fields on the 
supergravity side, we should truncate the sigma model up to level (2, 0) (or (2,1) 
depending on how one views the field strength of the chiral 2-form). Keeping the 
magnetic fields enables one to test the conjecture at higher levels. 

5.2 Dictionary 

Given these truncations, one finds that the equations of motion of chiral supergravity 
and of the coset model perfectly match if we make the identifications 


G, 


Oab 



gab ^ 

Qab 

(5.2a) 


0 ^ 


(5.2b) 


X ^ 

njj 

(5.2c) 


Foa ^ 

-VAa 

(5.2d) 


Fo\^ 

—)■ -\-T)Ba 

(5.2e) 


H^ab ^ 

-)■ a/2 VAab 

(5.2f) 

(*G)oafe - 

S ^ /^klm , 

- ^^^Qabklm,'^ ^ 

-V2VBab 

(5.2g) 

*F)Qab = 

_ S -rrklm . 

gl^ 

2V2e^^VCab 

(5.2h) 
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(*-F+)o.fc = ^ -ie-fVA^tc (5.2i) 

{^F~)oah^ — ^^ -‘^e'^F’Babc (5-2j) 

(*c^x)oafecd = g£oabcdkd’"x <—^ 2e-^‘^VAabcd (5.2k) 

Not only do the dynamical equation of motion match, but also the Hamiltonian 

constraint does. 

In particular, all the Chern-Simons couplings between the p-forms are exactly re¬ 
produced by the sigma model Lagrangian. This is remarkable because these couplings 
are derived, in the standard approach, by using supersymmetry. This is one more 
instance of the intriguing connection between the hidden symmetry and supersym¬ 
metry, which seem to be independepent concepts but yet give identical predictions. 

It is quite appealing that the self-duality condition on the held strength of the 
2-form C is naturally incorporated in the sigma model. How does this arise? For 
each non-chiral p-form, the standard p-form potential and its dual potential appear 
simultaneously in the held content of the sigma model. In the geodesic equations of 
motion, the electric helds of both occur, and the electric held of the dual potential 
is identihed with the magnetic held of the standard potential. This is a familiar fact 
which actually holds already for the Eio model. For the chiral 2-form, however, there 
is only one potential, so that one must identify its electric and magnetic helds in the 
dictionary. This is what was done in (5.2g). 

5.3 Beyond level (4,1) 

Except for 0 and g, whose duals appear at level (4, 2), the duals of all the supergravity 
helds are present in the truncation up to level (4,1). One can go beyond level (4,1) 
by including more spatial gradients on the supergravity side. One way to proceed 
is to replace the abelian homogeneity group leading to the form (5.1) of the helds 
(“Bianchi type I”) by a non-abelian group along the lines of [55], which allows non¬ 
vanishing spatial gradients in a controlled way. Alternatively, one may consider the 
next terms in the gradient expansion of the supergravity held around an arbitrarily 
chosen spatial point. Either way, one would hnd that the matching extends up up to 
level (4,2) and (4,3), but this matching requires some well-chosen gauge conditions 
in order for one to be able to consistently identify the (3, l)-mixed Young held with 
the dual gravity (through the spatial anholonomy) and in that sense may be argued 
to be less understood. Even though we have not checked it explicitely, we expect the 
details to work in the same way as for the Eiq model [22]. 

Similarly, while the Hamiltonian constraints on both sides of the correspondence 
nicely match, the other supergravity constraints must be implemented on the sigma 
model side. This raises interesting questions which have been explored in the im¬ 
portant work [56-58], but which still needs further study. These other supergravity 
constraints are the momentum constraints and the various Gauss’ laws. 
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6 y-duality and Borcherds superalgebra 

6.1 Cartan matrix 

The structure of the equations discussed above is very similar to that encountered in 
type IIB supergravity in H = 10 dimensions where there is a chiral 4-form, the cur¬ 
vature of which is self-dual. This self-duality condition is also properly incorporated 
in the sigma model formulation [46]. The p-form content is, however, different and 
this can best be discussed in terms of the underlying Borcherds algebras [47, 48]. 

In the spectrum, all forms can be constructed by successive commutation 
(and antisymmetrization in the indices) of the and E generators. From these, we 
construct the raising generators of a Borcherds superalgebra as 


ei = E^^Oa 

62 = E, (6.1) 

where the ^^’s are a basis of 1-forms that automatically implement the antisym¬ 
metrization. Thus Cl is a fermionic (odd) generator while 62 is bosonic (even). In 
, the index a takes values from 1 to 5, but we shall lift that condition from now 
on and not specify the dimension of space so as to investigate forms of higher rank. 
From the commutation relations, we hnd the only Serre relation 


(adej^ei = [ 62 , [ 62 , 61 ]] = 0. (6.2) 

We now show how to extend the generators {ei, 62 } to the Chevalley-Serre gener¬ 
ators of a Borcherds superalgebra. The Cartan subalgebra is spanned by the flt(5, M) 
trace H = Y2a ^^e generator K. They have the following commutation 

relations with the eds: 


[i7,ei]=ei, [H, 62 ] = 0 

[K, 6 i] = - 61 , [K, 62 \ = 262 (6.3) 


If we take the linear combination 



h2 = K, (6.4) 


where k is an arbitrary constant satisfying fc < 0, then the hi, 6i and fi = —T{6i) 
generate a Borcherds superalgebra with Cartan matrix 


A = 



(6.5) 
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The fact that fc < 0 implies that there is no condition on the graded commutator 
(anticommutator) [ci, Ci] (recall that the hrst root is fermionic). If k were to vanish, 
one would have the Serre relation [ei, ei] = 0, but this relation does not hold in . 

The choice of the constant k does not affect the p-form spectrum; however, there 
is a natural choice, k = — 2 , to be explained below. 

6.2 p-form spectrum 

The reason that the exact value of k does not affect the p-form spectrum is that 
the only Serre relation is [e 2 , [e 2 ,ei]] = 0 not matter what k is (provided k < 0). 
Along with the (graded) Jacobi identity, this Serre relation suffices to determine the 
p-form spectrum by taking successive graded commutators, since only the relations 
between the raising operators e* are needed. Each independent graded commutator 
containing I times ei and /' times 62 correspond to a /-form in the spectrum at level 
(/, V). The number of such forms is written nrti^ii in the table below. The result is 


Table 2: 

p-form spectrum 

level (/, /') 

multiplicity mi^' 

(0.1) 

1 

(1.0) 

1 

(1,1) 

1 

(2.0) 

1 

(2.1) 

1 

(2.2) 

1 

(3.1) 

1 

(3.2) 

1 

(4,1) 

1 

(4.2) 

1 

(4.3) 

1 

(5.1) 

1 

(5.2) 

2 

(5.3) 

2 

(5.4) 

1 

(6.1) 

1 

(6.2) 

3 

(6.3) 

3 

(6.4) 

3 

(6.5) 

1 


For instance, the generator at level (1,1) is [ 61 , 62 ], that at level (2,0) is [ 61 , 61 ] etc. 
Note that the table agrees with the data given by the level decomposition of 
(see A .6 of [14] and [44, 45]). In particular, we can see in those tables that 
all p-forms with p < 5 indeed belong to F^^ as expected from the truncation a = 
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1 ,2,3,4,5 for 6 a, while the 6-forms are specihc to and indeed do have a 

non-vanishing coefficient along the very extended root. Moreover, we also see here 
that the generators fall into representations of s[(2); at level / = 5, we have the 
representations 4 and 2, and at level / = 6, we have the 5 and two times the 3, in 
agreement with [45]. 

Instead of constructing the generators at higher levels in a pedestrian fashion, 
which is direct at low levels, one can apply the denominator formula (see e.g. [59]). 
In our case, this formula reads 




= 1 - + e-«i-2a2^ 


( 6 . 6 ) 


where A^" (resp. A]^) is the set of positive even (resp. odd) roots, m{a) is the 
multiplicity of the root a (if a is not a root, then m{a) = 0), cti and a 2 are the 
simple roots of our algebra (cti is odd, a 2 is even). This formula allows us to hnd all 
the desired multiplicities mi^ii = m{lai -|- Va 2 )- 

To make it more useable, we note that the positive even roots are all of the form 
a = 2kai + l'a 2 and that the odd ones are of the form (3 = {2k + l)ai -|- l'a 2 , where k 
and k are nonnegative integers. Dehning the formal variables x = and y = , 

the denominator identity takes the form 


n 


k,l'=Q 


(1 

(1 4 - ^2k+lyl''^m^k+i,l' 


1 — X — y + xy"^ 


(6.7) 


The expansion of the left-hand side in a power series allows us to read off the numbers 
This gives the results of the table. 

Explicitely, up to / = 2: 


• / = 0: We need only keep the terms that contain no x: this gives 

OO 

l'=0 

from which we see that moi = 1 while moz' = 0 for all I' > 2. 


• / = 1 : 

OO 

= l-y-x-xy‘^ 

l'=0 

We see that miz' = 0 for all V > 3, since there are no terms of the form xy^' 
with /' > 3 on the right hand side. Forgetting all terms of order x'^ and higher, 
we expand the left hand side as 

(1 - y){l + a;)-™i°(l + a:?/)“™“(l + xy)-'^^^ 

= {l-y){l- miox){l - miixy){l - mi 2 xy‘^) 

= 1 — y — rriiox + {mio — mu)xy -|- (mu — mi 2 )xy‘^ + mi 2 xy^ 
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and we read off the numbers mio = 1, mu = 1, mi 2 = 0. 


• 1 = 2 : 

OO 

]^(1 — 2 /)(l + = 1 — y — x — xy'^ 

l'=0 

Up to order x‘^, the hrst three factors are 

(1 — j/)(l + + xy)~^ = {1 — y){l — X + a;^)(l — xy + x‘^y'^) 

= 1 — y — X + xy‘^ + x^ — x‘^y^ 

and we have, keeping only the terms, 

OO 

]^(1 — 1 / — a: + xy"^ + x^ — x^y^){l — m 2 i'X^y^') 

Z'=0 

OO 

= x^ - x‘^y^ + '^^{-m2vx‘^y^' + m2vx^y'‘'^^). 

l'=0 

We see that m 2 i' = 0 for all /' > 3. As there are no terms on the right hand 
side of the denominator formula, this gives 

{l-m2o)x^ + {-m2i+m2o)x^y+{-m22 + m2i)x^y‘^ + {-l-m2‘i + m22)x^y^ = 0 


so that 77120 = ’^21 = m 22 = 1 and 77723 = 0. 

This can be continued up to arbitrary I, each time using the information gained at 
smaller 1. 


6.3 Comparing with type IIB 


To compare the Borcherds superalgebra describing the U-duality of chiral supergrav¬ 
ity in six dimensions with the Borcherds algebra describing the U-duality of type IIB 
supegravity in ten dimensions, we hrst need to determine k. 

To that end, we follow the method of [49], which consists in starting from the 
Borcherds superalgebra in lower dimensions where there is no ambiguity and oxidizing 
according to a well-dehned procedure. 

We start in three spacetime dimensions, where the symmetry is T 4 with simple 
roots denoted (7 = 1, 2, 3,4). Their matrix of scalar products is 


/ 2 -1 0 

0 \ 

-1 2 -1 

0 

0 -1 1 

-1/2 

^ 0 0 -1/2 

1 / 

- 24 - 



(6.8) 




The relevant Borcherds superalgebra is obtained by adding a null fermionic root 70, 
connected only to (3i in the Dynkin diagram of F4, i.e. 7o ■ 7o = 0, 70 ■ /3i = —1, 
7o • A = 0 foi' * = 2,3,4 [48]. This gives the Borcherds symmetry in 3 dimensions, 
which we can oxidize up to 6 dimensions. We get successively: 


• D = A-. the roots of the algebra are 71 = 70 + A; Aj A ( 3 ^. We have 

71 ■ 7i = 0 , 7 i ■ A = - 1 , 7i • A = 0 for i = 3 , 4 . 

• D = 5 : the roots are 72 = 7 i + A; A A- We have 72-72 = 0 , 72 • A = 

72 • A = 0. 

• D = 6 : the roots are 73 = 72 + A cind A- We have 73-73 = —1 and 

73 - A = -1/2. 


We end up with a Borcherds superalgebra that contains a fermionic root 73 and a 
bosonic root A- Their matrix of scalar products is 



(6.9) 


To put this matrix in the form (6.5), we make the rescaling hi = 2hi to get the 
Cartan matrix 



( 6 . 10 ) 


which hxes k = —2. This is the Cartan matrix of a Borcherds algebra with generators 
hi, Ci and /,, which is isomorphic to our algebra. 

It turns out that this Cartan matrix is very similar to the Cartan matrix for type 
IIB obtained by following the same procedure [49] in the sense that both contain one 


timelike simple root and one spacelike simple root. A difference lies in the grading 


of the generators. In the first case there is one fermionic generator (one-form) and 
one bosonic generator (zero-form) so it is a genuine superalgebra, while in the second 
case, both generators are bosonic (a two-form and a zero-form). The tight connection 
between the two theories has of course already been noticed before. We see here that 
it also appears when one considers the C-dualities. 

7 Concluding remarks 

In this paper, we have investigated the equations for the geodesic motion on the 
coset space /K{F^^) and shown their equivalence with the equations of mo¬ 
tion of six-dimensional chiral supergravity with two vector multiplets and two tensor 
multiplets, up to the level where the matching starts being less understood. While 
this agreement was expected from existing experience with other supergravity mod¬ 
els, it was interesting to see how the self-duality condition on the held strength of 
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the chiral two-form emerged on the coset model side. The way it is implemented 
can be summarized as follows. Only “electric helds” (covariant time derivatives of 
the sigma model helds) appear in the (1 -|- 0)-sigma model formulation since there 
is no room for explicit spatial derivatives. Non-chiral forms are described by two 
potentials, namely, their standard potential and its dual. One recovers the magnetic 
helds as the electric helds of the duals. For the chiral form, there is, however, only 
one potential. The magnetic held must then be set equal to the electric held in the 
dictionary. 

The same phenomenon had been described earlier in the context of type IIB 
supergravity in ten dimensions [46]. This motivated us to compare the two models 
through their p-form spectrum, encoded in a Borcherds superalgebra structure. We 
have compared the corresponding Cartan matrices and found rather close connections 
between the two Id-duality algebras. 

Although the self-duality condition on the held strength of the chiral 2-form is 
correctly accounted for in the sigma model, it should be noted, however, that the 
equations of motion of the sigma model are of second order in the time derivatives. 
One does not get the self-duality condition as an equation of motion but rather as a 
translation rule in the dictionary that connects the sigma model variables with the 
supergravity helds. This raises the possibility that the sigma model Lagrangian may 
not provide the hnal word on the question of exhibiting explicitly the symmetry 
of the (possibly extended) supergravity model. 

Finally, it remains a rather mysterious fact that the hidden symmetry and super- 
symmetry, although a priori unconnected, yield identical predictions on the structure 
of the Lagrangian (spectrum, coefficients of Chern-Simons terms). To shed light on 
this ill-understood issue, it would be of interest to include the fermions and discuss 
how supersymmetry is realized in the sigma model. It is planned to return to this 
problem. 
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